HARDY, RELLICH AND UNCERTAINTY PRINCIPLE INEQUALITIES 

ON CARNOT GROUPS 



ISMAIL KOMBE 

Abstract. In this paper we prove sharp weighted Hardy-type inequahties on Carnot 
groups with the homogeneous norm N = associated to Folland's fundamental 

solution u for the sub-Laplacian Aq. We also prove uncertainty principle, Caffarelli- 
Kohn-Nirenberg and Rellich inequalities on Carnot groups. 



1. Introduction 
The classical Hardy inequality states that for n > 3 



1.1) / |V0(x)|^rfx> (^)V ^^rfa; 



\x 



where G C^(]R" \ {0}) and the constant (^^)^ is sharp. There exists a large literature 
dealing with the Hardy-type inequalities on the Euclidean space and, in particular, 
sharp inequalities as well as their improved versions which have attracted a lot of attention 
because of their apphcation to singular problems, e.g. [1], [8], [9], [37], [12]. For instance, 
Baras and Goldstein in their classical paper [1], showed that the following heat problem 

(^ = Au + j§^u in ^]x(0,oo), G 

(1.2) < m(x,0) =Mo(x) > in Q, 

[m(x, t) = on dnx{0,oo), 

has a global solution ( in the sense of distributions) if c < C*{n) = (^^)^ and no solution, 
even locally in time, if c > C*{n) = (^)^. Thus, C*{n) = (^)^ is the cut-off point for 
existence of positive solutions for the heat equation with inverse square potential c/|xp. 

Recently there has been considerable interest in improving the inequality (1.1), in the 
sense that nonnegative terms are added in the right hand side of (1.1), and one of the 
important improvement has been obtained by Brezis and Vazquez [8]. They proved that 
for a bounded domain Q C M" there holds 

(1.3) |jv^wpd.> (^)Y^^<*-+A'(;|)^'"/^v-, 

where Un and \Q\ denote the tt,- dimensional Lebesgue measure of the unit ball B C and 
the domain Q respectively. Here fi = 5.7832 is the first eigenvalue of the Laplace operator 
in the two dimensional unit disk and it is optimal when f2 is a ball centered at the origin. 
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A comprehensive treatment of improved Hardy inequalities with best constants, involving 
various kinds of distance functions in the Euclidean space M" can be found in [B]. 

In view of these important works mentioned above it is natural to investigate Hardy-type 
inequalities and their improved versions on general Carnot groups. It is well known that 
the Euclidean space with its usual abelian group structure is a trivial Carnot group. 
We are mainly concerned with the Hardy-type inequalities on non-trivial Carnot groups. 

The simplest nontrivial example of a Carnot group is given by the Heisenberg group 
H". The following Hardy- type inequality on the Heisenberg group H" was first proved by 
Garofalo and Lanconelli : 



where G C^{IP \ {0}), Q = 2n + 2 and the constant (^j^)^ is sharp. Here we view 
as C" X M, and dzdt refers to the usual Lebesgue measure. Further results concerning 
Hardy- type inequality on the Heisenberg group can be found in [36] and [13]. Recently, 
Han and Niu [26], and D'Ambrosio ^LAl obtained a version of Hardy-Sobolev inequality on 
the H-type group and Hardy-type inequalities on Carnot groups, respectively. We indicate 
that a result in [TJ] concerning Hardy-type inequality on general Carnot groups overlap 
with ours (Theorem 4.1), but the methods of proof are different. 

The first goal of this paper is to investigate the existence and the explicit determination 
of constants C and weight q{x) on Carnot group G such that the Hardy- type inequality 



holds for all (p ^ C^{G \ {0}). Here we consider a special weight function w{x) which is 
related to the fundamental solution of sub-Laplacian Aq on Carnot group G, and dx refers 
to Haar measure on G. 

It is important to emphasize that our result lead us to obtain a version of the uncertainty 
principle, Caffarelli-Kohn-Nirenberg and Rellich inequalities on general Carnot groups. 

Although we prove Hardy-type inequahties on Carnot groups with an arbitrary step, 
we first establish sharp Hardy-type inequalities on the Heisenberg group and extend 
this result to the H-tjpe groups. The main reason for doing this is that the fundamental 
solution of the sub-Laplacian on the Heisenberg group H" and H-tjpe groups are known 
explicitly (see Section 3) but not for general Carnot groups. The proof of our theorem 
on general Carnot groups differs slightly in some steps from the Heisenberg group and 
H-type group cases. The method that we apply here, inspired by the work of Allegretto 
[2], can be applied to the Baouendi-Grushin type vector fields in that they do not arise 
from any Carnot group. 

The plan of the paper is as follows: In Section 2, we recall the basic properties of Carnot 
group G and some well known results that will be used in the sequel. In Section 3, we prove 
the Hardy-type inequalities on the Heisenberg group and H-tjpe group. In Section 4, we 
prove Hardy-type inequality on general Carnot groups. As a consequence of the Hardy- 
type inequality, we obtain a version of uncertainty principle and Caffarelli-Kohn-Nirenberg 
inequalities. In Section 5, we prove the weighted Rellich-type inequality and Rellich-Sobolev 
inequality. In Section 6, we study the Hardy-type inequalities with remainder term. 



(1.4) 




(1.5) 
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2. CaRNOT GROUP 

A Carnot group (see [3j, [1], [18], [20], [21], [35] and ^J) is a connected, simply connected, 
nilpotent Lie group G whose Lie algebra Q admits a stratification. That is, there exist linear 
subspaces Vi, ...,Vk of Q such that 

(2.1) g = V,®...®Vk, [Vi,Vi\ = Vi+,, for t = l,2,...,k-l and [V,,Vk] = 

where [Vi,Vi] is the subspace of Q generated by the elements [X, F] with X G Vi and 
Y E Vi. This defines a k-step Carnot group and integer > 1 is called the step of G. 

Via the exponential map, it is possible to induce on G a family of automorphisms of the 
group, called dilations, Sx ■ — > M"(A > 0) such that 

where 1 = ai = ... = < «m+i < ••• < «n are integers and m = dim(Vi). 
The group law can be written in the following form 

(2.2) X ■ y = X + y + P{x,y), x,y eW 

where P : R" x M" — > has polynomial components and Pi = ... = Pm = 0. Note that 
the inverse x~^ of an element x E G has the form = —x = (— a;i, —Xn)- 

Let Xi, ...,Xm be a family of left invariant vector fields which form an orthonormal basis 
of Vi = R™ at the origin, that is, Xi{0) = dx^, ...,Xm{0) = dx^. The vector fields Xj have 
polynomial coefficients and can be assumed to be of the form 



-,...,m. 



Xj{x) = dj+ ^ aij{x)di, Xj{0) = dj,j = 1, 
i=j+i 

where each polynomial aij is homogeneous with respect to the dilations of the group, that is 
(^iji^xix)) = A"*~"^ajj(a;). The horizontal gradient on Carnot group G is the vector valued 
operator 

Vg = {Xi, ...,Xm) 

where Xi, ...,Xm are the generators of G. The sub-Laplacian is the second-order partial 
differential operator on G given by 

m 

The fundamental solution u for is defined to be a weak solution to the equation 

-Aqu = 6 

where 6 denotes the Dirac distribution with singularity at the neutral element of G. In 
[TS] FoUand proved that in any Carnot group G, there exists a homogeneous norm N such 
that 

u = iV^-Q 

is a fundamental solution for ( see also [7]). 
We now set 



1 



(2.3) N{x) 



u^-Q if X 7^ 0, 
if x = 0. 
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We recall that a homogeneous norm on G is a continuous function : G — > [0, oo) smooth 
away from the origin which satisfies the conditions : N{6x{x)) = XN{x), N{x~^) = N{x) 
and N{x) = iff x = 0. 

The curve 7 : [a, 6] C M — > G is called horizontal if its tangents lie in Vi, i.e, 7'(t) G 
span{Xi, ...,Xm} for all t. Then, the Carnot-Carethedory distance dcc{x,y) between two 
points X,?/ G G is defined to be the infimum of all horizontal lengths j^{'^'(t),'^'{t))^^'^dt 
over all horizontal curves 7 : [a, h] — > G such that 7(a) = x and 7(6) = y. Notice that 
dec is a homogeneous norm and satisfies the invariance property 

dcc{z ■ x,z -y) = dcc{x,y), for aAlx,y,z G G, 
and is homogeneous of degree one with respect to the dilation Sx, i.e. 

dcciSxix), 5xiy)) = >^dccix, y), Vx, 2; G G, for all A > 0. 

The Carnot-Carethedory balls are defined by B{x, R) = {y E G\dcc{x, u) < R}- By left- 
translation and dilation, it is easy to see that the Haar measure of -B(x, R) is proportional 
by R^ . More precisely 

\B{x,R)\ = R^\B{x,l)\ = R^\B{0,1)\ 

where 

k 

Q = Y,j{dunV,) 

i=i 

is the homogeneous dimension of G. 

It is well known that Sobolev inequalities are important in the study of partial differential 
equations, especially in the study of those arising from geometry and physics. The following 
Sobolev inequality holds on G [i8\ 

|VG0(x)|2t/x) >CU |0(x)|^rfx)^ 

( see also for weighted and higher order extensions [321 [33], [31] ). It is a more difficult 
problem to determine the sharp constant C in (2.4) on general Carnot groups. The only 
results that have so far been proven are in the case of Heisenberg group by Jerison and 
Lee |29] and Iwasawa-type groups ( a particular sub-class of H-tjpe groups) by Garofalo 
and Vassilev [25|. We should mention that the sharp constants in [29j and [24j lead us to 
obtain explicit constant in Corollary 4.3. 

3. Hardy-type inequalities on Carnot groups of step 2 

Among Carnot groups of step two, the Heisenberg group and Heisenberg type (H-type) 
groups are of particular significance. These groups appear naturally in analysis, geometry, 
representation theory and mathematical physics. In this section, we first prove Hardy-type 
inequalities on the Heisenberg group and we extend this result to the iJ-type group. 
Heisenberg group. The Heisenberg group H" is an example of a noncommutative Carnot 
group. Denoting points in by {z,t) with z = {zi, z„) G C" and t G M we have the 
group law given as 

n 

{z, t) o {z', t') = {z + z',t + t' + 2'Y^ Im{zjz'j)) 

i=i 
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With the notation Zj = Xj + ii/j, the horizontal space Vi is spanned by the basis 



The one dimensional center V2 is spanned by the vector field T = ^. We have the commu- 
tator relations [X^,!^] = —AT, and all other brackets of {Xi,Yi, ...,Xn,Yn} are zero. The 
sub-elliptic gradient is the 2n dimensional vector field given by 

Vh" = {Xi, Xn,Yi, ...,Yn) 

and the Kohn Laplacian on is the operator 

n 

A^. = J2iX! + Y^'). 

i=i 

A homogeneous norm on H" is given by 

p=\{z,t)\ = {\z\'+tr^' 

and the homogeneous dimension of H" is Q = 2?t, -|- 2. 

A remarkable analogy between Kohn Laplacian and the classical Laplace operator has 
been obtained by FoUand [T7j. He found that the fundamental solution of — Aen with pole 
at zero is given by 

^ CQ , 2(0-«/'r((Q - 2)/4)2 

We now prove the following theorem on the Heisenberg group H". In the various integral 
inequalities below (Section 3 and Section 4), we allow the values of the integrals on the 
left-hand sides to be +00. Before we proceed, we should emphasize that the constant 
C{Q,a) = ( Q+^~^ ^2 obtained in Section 3 and Section 4 is sharp in the sense that if it is 
replaced by an grater number the inequality fails. 



Theorem 3.1. LetaeR and (p e C^iW \ {0}). Then we have : 

|2 

where p = (\z\'^ + t^Y^^ is the homogeneous norm on H". Moreover, the constant ( '^"'"2 ~^ )^ 
is sharp provided Q + « — 2 > 0. 



p''\VM^'P?dzdt> (Q±^J^\^ I p^l^(f)^dzdt 

^ 2 / Jjjn P 



Proof. Let = pf^ip where /? G M \ {0} and V e C~(H" \ {0}). A direct calculation shows 
that 

(3.1) plVen^r = Vh"P| V' + 2/?p°+2/3-l^^^^^ . ^^^^ ^ ^a+2/3|y^^|2_ 

It is easy to see that 

IV7 I2_kl' 
p2 

and integrating (3.1) over H", we get 

[ p''\VM^<P\'^dzdt= I p^p''+^'^-^\z\'^ip'^dzdt+ [ 2pp''^^'^~^ipVMnp-VMnipdzdt 



(3.2) 



+ / p^-^^f^lVm-^l^dzdi 
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Applying integration by parts to the middle integral on the right-hand side of (3.2), we 
obtain 



(3.3) 



One can show that 

(3.4) Aen(p"+'^) = |^|V^'^''(« + 2/5)(« + 2/3 + g-2). 
Substituting (3.4) into (3.3) gives the following 

[ p''\VM-M^dzdt = ip"^ - P{a + 2p + Q -2)) [ p''+^^-^\z\'^^^dzdt+ [ p^+^^l Ve-V^prfzrft 

> (-/?' -(3{a + Q- 2)) / p"+2,3-4|^|2^2^^^^_ 

Note that the function (3 — > — — (3{a + Q — 2) attains the maximum for (3 = 
and this maximum is equal to ( Q+^~^ )2_ Therefore we have the following inequality 

(3.5) / p°|VH^0r^^^t > f ^^?""^ )' / p"^0'rf2rft. 

JH" V 2 / Jjjn p 

It only remains to show that the constant (^ Q+^~^ )2 jg sharp. The method employed here 



is quite standard which is adapted from the Euclidean case (see [22]). We now give proof 
for the Heisenberg group case and proof for the H-type groups is similar. Let (f)^{z,t) be 
the family of functions defined by 



(3.6) 0,(z,t) 



1 if pG[0,l], 

where e > and p = K^, t)| = (1^1^ + 1^/^. It follows that 

2_ /^ Q + a-2 ^ V|2^-(Q+2+2€) 



In the sequel we indicate Bi = {{z,t) : p < 1} p-ball centered at the origin in with 
radius 1. 

By direct computation we get 

U|2 



p"^-^(j)ldzdt = / p''-^\z\'^(f)1dzdt+ / p"-^|z|V^rfzrft 
P JBi Jm"\Bi 

(3.7) = / p''-'\z\'dzdt+ [ Izl^p-^'^+^+^'^dzdt 

Jbi Jm"\Bi 



^\Bi 

p°-^|zpdzdt + (^^^^ + e)-2 / p^\VM^(f)^\''dzdt. 



Since Q + a — 2 > then the first integral on the right hand side of (3.7) is integrable and 
we conclude by e — > 0. 

□ 
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The following theorem shows that the weight function has a significant effect on the 
sharp constant -^^j^gj-gag ^^j^g Yiem weight function |Vh"P|''' has no effect. 

Theorem 3.2. Let a,-f e R and (f) e C^(H" \ {0}). Then we have : 

where p = {\z\'^ + Py^"^ is the homogeneous norm on H". Moreover, the constant C^"*"^"^ )^ 
is sharp provided Q + a — 2 > 0. 

Proof. The proof is similar to the proof of Theorem 3.1. We only need to note that 

Vh"P ■ Ve^dVe^pD = 0. 

□ 

Heisenberg-type group. Another important model of Carnot groups are the H-tjpe 
(Heisenberg type) groups which were introduced by Kaplan [30] as direct generalizations of 
the Heisenberg group H". An H-tjpe group is a Carnot group with a two-step Lie algebra 
Q = Vi®V2 and an inner product (, ) in ^ such that the hnear map 

J : 1/2 — > End1/i, 

defined by the condition 

{J^{u),v) = {z,[u,v]), u,veVi,zeV2 

satisfies 

= -||-2||^Id 

for all z G V2, where = {z,z). 

Sub-Laplacian is defined in terms of a fixed basis Xi, ...,Xm for Vi. 



(3.8) A^ = J2^' 



i=l 



The exponential mapping of a simply connected Lie group is an analytic diffeomorphism. 
One can then define analytic mappings v : G — > V\ and z : G — ^ V2 by 

X = exp(t'(x) + z{x)) 

for every x E G. In ^3(lj Kaplan proved that there exists a constant c > such that the 
function 

2-Q 

$(a;) =c(^\v{x)\^ + 16\z{x)\^^ ' 
is a fundamental solution for the operator — A^. We note that 

(3.9) K{x) = (^\v{x)\^ + 16\z{x)\^y 

defines a homogeneous norm and Q = m + 2k is the homogeneous dimension of G where 
m =dimVi and k =dimV2. This result generalized Folland's fundamental solution for the 
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Heisenberg group H" ^17j. It is remarkable that the homogeneous norm K{x) is involved 
also in the expression of the fundamental solution of the following p— sub-Laplace operator 



(3.10) 



i=l 



More precisely, Capogna, Danielli and Garofalo fTT] proved that for every 1 < p < oo there 



exists Cp > such that the function 



(3.11) 



Tpix) 



c 7^(p-Q)/(p-i) 



-Cp log K 



when p ^ Q, 
when p = Q, 



is a fundamental solution for the operator —Cp (see also [26] for the case p = Q). 

We cite, without proof of the following, useful formulas which can be found in [11]. Let 
M be a radial function, i.e., u{x) = f{K{x)) where / G C(]R) then 



IVgmP 



\v\ 



Moreover if u{x) = f{K{x)) and / G C^CR) then 
(3.12) 



V 



2 - O 



K 



K 
-f\K) 



at every point x G G \ {0} where f'{K{x)) ^ 0. 

Another important fact that K{x) satisfies the so-called oo-sub-Laplace equation : 

A^^^K = ^{Vg{\VgK\'),VgK) = 

at every point x G G \ {0}. (See |i30j and [TT] for further information on //-type groups) 

We now have the following theorem on the H-tjpe group : 

Theorem 3.3. Let G be an H-type group with homogeneous dimension Q = m + 2k and 
let a, 7 G M and cf) G C^(G \ {0}). Then the following inequality is valid : 



(3.13) 



ir"iVr,i^riVf 



K^'-^Wr.Kp+^dy^dx 



where K{x) = {\v{x)\^ + lQ\z{x)\'^y^^ . Moreover, the constant sharp provided 

g + a-2 > 0. 

Proof. The proof is identical to the Heisenberg group case. □ 



4. Hardy-type inequalities on Carnot groups of arbitrary step 

In this section, we consider Carnot group G of any step k with the homogeneous norm 
= u^/C^-Q) associated to FoUand's solution u for the sub-Laplacian [18]. We have 
the following theorem: 
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Theorem 4.1. Let G be a Carnot group with homogeneous dimension Q > 3 and let 
(p e C^{G \ {0}), ckGR, Q + a — 2 > 0. Then the following inequality is valid 

(4.1) / N'\V,^\-'d. > (^if^)' / N'^^^^dx. 
Furthermore, the constant C{Q,a) — sharp. 

Proof. Let = Nf^i/j where ^ e C^{G \ {0}) and /? e M \ {0}. A direct calculation shows 
that 

(4.2) |VG(A^^V)r = /3'iV'^-'|VGA^rV'' + 2/37V2^-VVgA^ • VgV' + A^'^lVcV'!'- 
Multiplying both sides of (4.2) by the N"' and applying integration by parts over G gives 

(4.3) + / A^'^+^'^lVG^'r^^^ 

Jg 

>/?2 / 7V"+2/3-2|VGA^|Vfix ^ / AG(Ar"+2/3)^2^a;. 

Jg a + 2(3 J^ 

A straightforward calculation shows that 

(4.4) ^Ag(A^"+''') = -(3ia+2(3+Q-2)N'^+'f'-'\VGN\'--^N'^+"'+'^-'AGU. 

Substituting (4.4) into (4.3) and using the fact that = A^~^^0^, we get the following : 

/ N^\VG<l>\'dx > {-(3^ - (3{a + Q - 2) [ iV^^^^^^x--^ / (AG«)Ar"+«-V^i^. 
Jg Jg Q Jg 

Since u is the fundamental solution of sub-Laplacian Ag on Carnot group G, we get 

- / (AG«)Ar"+Q-202^x = iV"+«-2(O)02(O) = 0. 
Jg 



We now obtain 

ra\^GNW^ 



! N''\VG'pfdx>{-p^-p{a + Q-2) [ 
Jg Jg 

Choosing 



7V2 



dx. 



2 

gives the following inequality 

(4.5) / N-\Vc<t>?dx > ( ^^^~y lN-^^^<P'dx. 



|2 



2 / .L 



G ^ ^ ^ JG 

2 



To show that the constant ^ ) sharp, we use the following family of functions 



(4.6) U^) 



if Ar(x)G[0,l], 
^_(Q±|^+,) ^^^^ ^ 
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and pass to the limit as e — > 0. We should indicate that same test function lead us to 
obtain sharp constant in Theorem (4.3). Here we notice that jVcA^I is uniformly bounded 
and polar coordinate integration formula holds on G ([SDI)- D 

Remark 4.1. In the abelian case, when G = M" with the ordinary dilations, one has 
Q = Vi = M" so that Q = n. Now it is clear that the inequality (4.1) with the homogeneous 
norm N{x) = \x\ and a = recovers the Hardy inequality (1.1). 

Uncertainty Principle Inequality. The classical uncertainty principle was developed 
in the context of quantum mechanics by Heisenberg It says that the position and 

momentum of a particle cannot be determined exactly at the same time but only with an 
"uncertainty" . The harmonic analysis version of uncertainty principle states that a function 
on the real line and its Fourier transform can not be simultaneously well localized. It has 
been widely studied in quantum mechanics and signal analysis. There are various forms of 
the uncertainty principle. For an overview we refer to FoUand's and Sitaram's paper [19j. 
The uncertainty principle on the Euclidean space M" can be stated in the following way: 

(4.7) (/ \xWix)\'dx)( [ \Vfix)\'dx)>^( [ \fix)\'dxy 

for all / G L^(]R"). An analogue of the above inequality (4.7) for the Heisenberg group 
was established by Garofalo and Lanconelli [23]. Thangavelu [H], and Sitaram, Sundari 
and Thangavelu [39] have also obtained related but inequivalent analogues of Heisenberg's 
inequality for functions on the Heisenberg group H". 

In the following corollaries, we present the analogues of (4.7) for general Carnot groups. 
The proof of the corollaries is based on the Hardy-type inequality (4.1) and the Cauchy- 
Schwarz inequality. We should mention that Ciatti, Ricci and Sundari [12] have also ob- 
tained a version of uncertainty principle inequality on nilpotent stratified Lie groups of step 
two (Carnot group of step 2) which is not equivalent to our result (see also Corollary 5.1 ). 

Corollary 4.1. Let G be a Carnot group with homogeneous dimension Q > 3. Then for 
every (pe C^{G\{0}) 

Corollary 4.2. Let G be a Carnot group with homogeneous dimension Q > 3. Then for 
every (j) e Co~(G\ {0}) 

(4.9) (^iV2|VGiV|Vrfx)(^|VG0prfx) > (^)'(^lVGiVlVrfa;)'. 



Remark 4.2. It is well known that equality is attained in uncertainty principle inequality 
(4.7) only for Gaussian functions. As mentioned above, this fact has been also extended to 
the Heisenberg group by Garofalo and Lanconelli [23] • It is natural to search an analogue 
of this phenomena for general Carnot groups. We should notice that with replaced by 
y equality is attained in Corollary (4.8) and Corollary (4.9) if 0(a;) = Ce~^^^^^^ for some 
C G M,/5 > 0. ( Note that VGA^(a;) ^ for (Haar) a.e x G G and \VgN\ is uniformly 
bounded on G [3].) 
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The following corollaries are the consequence of the Hard- type (4.1) and Sobolev (2.4) in- 
equalities. These inequalities are extensions of the Caffarelli-Kohn-Nirenberg (TU] inequality 
to Carnot groups. 

Corollary 4.3. Let G be a Carnot group with homogeneous dimension Q > 3 and < s < 
2. Then for every (j) G C7^(G \ {0}) then there exists a constant C > such that 

We now have the following weighted inequality on metric ball B. The proof of this is 
inequality based on the Hardy- type and weighted Sobolev inequalities [Mj. We note that 
the weight function N°' in Corollary 4.4 satisfies the Muckenhoupt A2 condition and other 
requirements for the existence of weighted Sobolev inequality. We recall that a weight w (x) 
satisfies Muckenhoupt Ap condition for 1 < p < 00 if there is a constant C such that 

for all metric balls B. If w{x) G Ap then we have w{x)~^'^^ G Api where p' is the dual 
exponent to p given by ^ -|- ^ = 1. 

Corollary 4.4. Let G be a Carnot group with homogeneous dimension Q > 3 and let B 
be a metric ball inG,2 — Q<a<Q,0<s<2. Then for every G C^{B \ {0}) then 
there exists a constant C > such that 

Polarizable Carnot group. The second main result of this section is to establish weighted 
Hardy- type inequality including the weight function | VgA^I'^ as in the Section 3. We should 
indicate that Hardy-type inequality in [14j on Carnot groups does not include the weight 
function IVg-^V^- We now establish such a inequahty on polarizable Carnot groups. This 
class of groups were introduced by Balogh and Tyson [3] and admit the analogue of polar 
coordinates. 

A Carnot group G is said to be polarizable if the homogeneous norm = u^^^'^^^\ 
associated to Folland's solution u for the sub-Laplacian Ag, satisfies the following 00- 
sub-Laplace equation, 

(4.10) Ag,ooA^:= i(VG(|VGA^r),VGA^) = 0, in G\{0}. 

It has been proved that the homogeneous norm (3.9) satisfies the equation (4.10) ( 
see [5] and [TB]) . This result implies that H-type groups are polarizable Carnot groups. 
Unfortunately, at the present time, it is unknown an example of polarizable Carnot group 
which is not of i7-type. 

Balogh and Tyson [3] proved that the homogeneous norm = u^/^'^~'^\ associated 
to Folland's solution u for the sub-Laplacian Ag, enters also in the expression of the 
fundamental solution of the sub-elliptic p-Laplacian 

m 

(4.11) Ag,pM = ^X,{\Xu\^~^Xiu), 1< p < 00. 

i=l 
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More precisely, Balogh and Tyson |^ proved that for every 1 < p < oo,p = Q there 
exists Cp > such that the fundamental solution of — Ag,p is given by 

(4.12) up=l 

[ -CQlogA^, if p = Q. 

We are now ready to state our the second main theorem in this section. 

Theorem 4.2. Let G be a polarizable Carnot group with homogeneous norm N = ■^^/(^-Q) 
and let G C^{G \ {0}), a G M,7 > -1, Q > 3, Q + a - 2 > 0. Then the following 
inequality is valid 

(4.13) / /V"|V.7VnV.^Pdx > {^^y I iV"«^^'^i. 

Furthermore, the constant C{Q,a) = ( '3+^~^ )2 sharp in the sense that if it is replaced 
by an grater number the inequality fails. 

Proof Let = N'^ijj where ^GC^(G\{0})and/3GM\{0}. A direct calculation shows 
that 



X 



Jg 

(4.14) +213 f iV°+2/3-i|VGAr|>VGA^- Vg^c/. 

Jg 

Jg 

Applying integration by parts to the middle term: 

Jg Jg 

(4.15) f V^div(Ar"+2/3-i|VGA^rVGA^)cix 

JG 

Jg 

We now choose 7 = p — 2 > 1 and a + 2/5 — 1 = 1 — Q, we get 
(4.16) 

I m\VGN\^\VG<P?dx = {^^^^y I m-'\VGNV^'<P^dx 

-Pcl-P [ (AG,p(Mp))Ar-2/502^x+ / Ar2-Q|VGA^riVG^prfa:. 
JG Jg 

Since Up is the fundamental solution of sub-p-Laplacian — Ag,p, we get 

- / (AG,p(Mp))ArQ+"-202rfx = iV«+"-2(O)02(o) = 0. 
Jg 

We now obtain the desired inequality 

(4.17) f N'^\VGN\''\VG<l>\'dx > /" Ar"-2|VGArr+V'rfa;. 
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To show that the constant i^arp, we use the same sequence of functions (4.6) 

and pass to the hmit as e — > 0. □ 

5. RELLICH-TYPE INEQUALITY ON CaRNOT GROUPS 

The classical Rellich inequality [38] states that 
(5.1) / \A<P{x)\'dx> \. ' ^-^^YJ^dx 

for all G C^(]R" \ {0}) and n 2, where the constant " is sharp. The Rellich 

inequality is the first generalization of Hardy's inequality to higher-order derivatives. A 
comprehensive study of Rellich-type inequalities on a complete Riemannian manifold with 
smooth boundary can be found in [16]. In particular, Davies and Hinz [T6] obtained sharp 
constants C for the inequalities of the form 

> c f 

for suitable values of a, P,p and G C^(]R" \ {0}). We should also mention that a version 
of Rellich-type inequality on the Heisenberg group has been obtained by Niu, Zhang and 
Wang [36] and D'Ambrosio [13]. In this paper we give an analog of Rellich inequality for 
general Carnot groups. The following theorem is the main result of this section. 

Theorem 5.1. Let G be a Carnot group with homogeneous dimension Q > 3 and let 
4> G C^{G \ {0}), aGM, Q + a — 4 > 0. Then the following inequality is valid 

Proof. A straight forward computation shows that 

(5.3) AgAT^-^ = (Q + a - 4)(a - 2)N''-^\VgN\' + ^^N'^+^^Au. 
Multiplying both sides of (5.3) by 0^ and integrating over the domain G, we obtain 

/ (j)^AGN''-^dx= I Ar-2(20AG0 + 2|VG0r)rfa;. 
Jg Jg 
Since u is the fundamental solution of and Q + « — 4 > 0, we obtain 

I <fAGN''-Hx = {Q + a-A){a~2) [ N''-^\VGN\^(p^dx. 
Jg Jg 

Therefore 

(5.4) (Q + a-4)(a-2) [ A^°-^| VgA^I V^^a; - 2 [ N'^-^cpA^^x = 2 [ N^-^l^G^^dx. 

Jg Jg Jg 

Applying the Hardy inequality (4.1) on the right hand side of (5.4), we get 

(Q + a-4)(a-2) [ A^"-^| VgA^P^^^x - 2 [ N''~^^AG(l)dx 
Jg Jg 



> 2(^±^)2 / N'^~'\VGN\'<P'dx. 
2 Jg 
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Now it is clear that, 



(5.5) - / iV"-20A«0da; > ( ^+^ \ 9_^) / N-~'\W^N\^Hx. 

Next, we apply the Cauchy-Schwarz inequality to the expression - N''-'^(f)A(j)dx and we 
obtain 

(5.6) - / N'^-'cl^A^Hx < ( [ N--'\VGNU'dxy/'{ [ ^^iV-rfx)^^. 

Combining (5.5) and (5.6), we obtain the inequality (5.2). □ 

Remark 4.3. It can be shown that the constant C{Q, the best 

constant for the Rellich inequality (5.2), that is 

To show this, we modify the sequence of functions (4.6) as follows. 



Ha-4 
2 



+ e){N{x)-l)+l if N{x)e[0,ll 



and pass to the limit as e — > 0. 

Remark 4.4. In the abelian case, when G = M" with the ordinary dilations, one has 
^ = Vi = M" so that Q = n. Now it is clear that the inequality (4.9) with the homogeneous 
norm N{x) = \x\ recovers the Rellich inequality (4.8) as well as Davies-Hinz inequality for 
p = 2. 

As a consequence of Rellich-type inequality (5.2), we have the following weighted uncer- 
tainty inequalities for sub-Laplacian A^. 

Corollary 5.1. Let G be a Carnot group with homogeneous dimension Q > 3 and let 
(f) G C^(G \ {0}), aGM, Q + a — 4>0. Then the following inequality valid 

(5-7) ( I T^^<l>'dx) ( f iV-^^rfx) >C( [ 



G 



where C = 

lb 

Corollary 5.2. Let G be a Carnot group with homogeneous dimension Q > 3 and let 
(p G C(f (G \ {0}), aGM, Q + tt — 4>0. Then the following inequality valid 

^^ , . , . ,A(n;(i)P . \ _ „/ f , ,o . \2 

(5 



where C = . 

Id 

The following inequality and its higher order extension on the Euclidean space has been 
proved by P. P. Lions [30] : 



(5.9) / \A(l)\^dx>c( [ -^dxY^\ V G Co°°(M^ \ {0}) 

Jrn ^Jrn \x\ / 
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where, C>0, iV>5, 2<g< 2N/{N - 4), and s is given by 

N-2s N-A 



q 2 

We now obtain an analogue of the inequahty (5.9) on a metric ball in Carnot groups. 

Theorem 5.2. Let Q he a Carnot group with homogeneous dimension Q > A. Let B he a 
metric hall in G and < s < 2 then for every (p G C^(G\ {0}) then there exists a constant 
C > such that 



B 



Proof. By the Holder inequality, we have 



(5.10) 



Q(2-s) 



B N^' Jb N^' IVgA^P"^ 



Using the ReUich inequality (5.2) and weighted Sobolev inequality [3l], we get 



iVciVl 



2 



Note that the weight function ^^^j^^2 satisfies the Muckenhoupt A2 condition. 
Therefore 



B 



6. Improved Hardy-type inequality 

In this section we prove Hardy-type inequalities with remainder term on Carnot groups. 
The following first theorem was inspired by the work of Brezis and Vazquez [8] which also 
extends their result to Carnot groups. 

Theorem 6.1. Let G be a Carnot group with homogeneous dimension Q > 3 and let B he 
a metric hall in G, (p & C^{G \ {0}), 2 — Q < a < 2. Then the following inequality is valid 

(") i-l-^^l^->-(^)7.^T^^^-cvW//^^^- 

where C is a positive constant and r{B) is the radius of the hall B. 

Proof. Let cj) = N 2 ip where ip G C^{B). We have the following result from the 
Theorem 4.1, 

[ iV"|VG0r^x= + [ N-^^j^<p'dx+ I N'-^--\V^i^\Hx 
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We now apply the weighted Poincare inequahty( see [H], [32], p3])( Note that the weight 
function A^^-Q-a g^^igggg ^j-^e Muckenhoupt Ap condition. See [40j for further details) and 
we get 



(6.2) 



Q + a-2\2 



N-^-^c^Hx + 



1 



2-Q-a\ 



dx. 



Therefore we have the following inequality 



(6.3) 



^dx > 



Q + a-2\2 



\VgN\' 
iV2 



b^dx + 



C^r^iB) Jb 



'dx 



where 1/Cr^ is the lower bound for the least nonzero eigenvalue of Aq on B. 



□ 



The next theorem has a gradient lower order term as a remainder term. The proof of 
this theorem was inspired by a recent result of Abdellaoui, D. Colorado and I. Peral pQ. 

Theorem 6.2. Let G be a Carnot group with homogeneous norm N = and let 

Q be a bounded domain with smooth boundary which contains origin, Q > 3, 1 < q < 2, 
(f) G C^{VL) then there exists a positive constant C = C{Q,q,Q) such that the following 
inequality is valid 



Proof. Let i; G 



^dx > 



g-2\2 f \VgN\ 



dx + C{ |VG0|'rfx) 



2/q 



2 ^ Jn Jn 
\ {0}) then a straight forward computation shows that 



Therefore 



n 



dx 



> c 



Vg^ 



dx 



2/q 



where we used the Jensen's inequality in the last step. It is clear that 



■^)-VGilJ)dx= / |VG0rc^a; + 



,^G'^, ,2 



dx 



\VG<i>?dx + f3{Q + f5-2) I ' ' d'^dx. 



Therefore we have 



(6.4) 



Mx > -I3{Q + (3-2) 



\VgN\' 



'dx + c 



iV2 



Vg0 — -Vg^/' 



q \ 2/q 

dx 



In Jn ^Jn 

Now we can use the following elementary inequality : Let 1 < g < 2 and Wi,W2 G then 
the following inequality hold: 



(6.5) 



c{q)\w2\'' > \wi + W2\'^ - \wi\'^ - q\wi\'^ {wi,W2). 
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Therefore by integration and using successively the inequahty (6.1), Young's and L^-Hardy 
inequahties ([E], [25]) we get 



(6.6) 



dx>C I WcM'^dx. 



Substituting (6.6) into (6.4) then we get 

Now choosing fi = then we obtain the desired inequahty 



□ 



We now use the Theorem 6.2 and L'^ version of uncertainty principle inequality ^25j, we 
obtain the following interpolation inequality. 

Theorem 6.3. Let G be a polarizable Carnot group with homogeneous norm N = ^^/(^^Q) 
and let Q be a bounded domain with smooth boundary which contains origin, Q > 3, 1 < 
q < 2, 1/p + 1/q = 1, C > 0. Then for every G C^{Q) the following inequality is valid 



IV. 



1/2 



NP\VGN\P4/dx 



i/p 



>v^(^)(^|VoiV|V^x). 
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